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Scope and Method: The motion of a differential drive mobile robot with consideration of slip
at contact between the wheels and the ground is studied in this work. Traction forces between
the wheel and the ground are derived by considering a rigid wheel, rigid ground interaction
model and a caster wheel which provides support to the mobile robot during motion. The
motion governing equations are determined by incorporating the traction forces. Numerical
simulations are conducted to learn the motion behavior of the robot with wheel slip for
a range of wheel input torques. Based on the traction force model and observations from
numerical simulations, a slip avoidance controller that limits the input torques is developed.
Experiments are conducted to verify the characteristics of the dynamic model with slip and
the control strategy used to avoid slip.
Findings and Conclusions: Models that describe the dynamics of a differential drive mobile
robot with and without slip are presented and discussed. A traction force model is developed
by considering a simple Coulomb friction model. The caster wheel plays an important role in
determining the traction forces. The longitudinal and lateral velocities of the wheel are used
to compute the longitudinal and lateral forces. Wheel slip occurs if the reaction force exerted
by the applied torque is greater than the static frictional force, which is calculated by the
proposed model and this limit is used to implement a slip avoidance controller. Numerical
simulations and experiments of the system using the proposed traction model reveal that
the angular velocity of the wheels is greater than the corresponding linear velocity when
slip occurs. The proposed torque limiting controller to avoid slip is also implemented in
numerical simulations and experiments. Experimental results show a good correlation with
the numerical simulations, thus verifying the approach and the developed dynamic model
with wheel slip.
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Research related to design, modeling and control of mobile robots has been one of the most
active areas of robotics in the last few decades. The use of mobile robots in various areas of
human life has been continuously increasing. Mobile robots are being used as autonomous
cleaning devices at homes, for factory automation, to patrol national borders, for bomb
disposals, for hazardous waste cleaning, etc. One of the goals of research in mobile robotics
is to make the mobile robots completely autonomous, that is, the robots are capable of
making decisions based on sensing the environment they are in. Another area where mobile
robots are employed is in cooperative control of multiple mobile robots which has received
considerable attention in the last two decades with application in distributed transportation,
monitoring and multi-point surveillance.
Mobile robots may be imparted motion using legs, spasmodic movements, or wheels. Wheeled
mobile robots are common and typically consist of a combination of driven wheels and steer-
ing wheels or differential drive wheels. A differential drive robot is a type of wheeled mobile
robot which comprises of two independent driven wheels to achieve linear and angular po-
sition and one (or several) caster wheel(s) to provide balance. A differential drive mobile
robot is one of the simplest type of wheeled mobile robot which is easy to assemble and can
be used for a wide variety of applications. It is constructed using the most basic of the wheel
configurations. Since it consists of two driven wheels and no steering wheels, the robot is
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steered using a difference in velocity between the two driven wheels; hence the name “differ-
ential drive robot.” For these reasons it is one of the most used configurations in laboratories






Figure I.1: Differential Drive Robot
There have been number of studies on the design, dynamic modeling and control of wheeled
mobile robots, including differential drive robots. Most of the research in differential drive
robots has assumed pure rolling conditions, that is all the torque provided to the robot
wheels is used to generate motion of the robot without any losses due to slippage between
the wheels and the surface on which the robot is moving. However, in practice the pure rolling
assumption does not always hold. The robot wheels slip depending on wheel accelerations
and traction forces between the wheels and the ground. The possibility of wheels slipping
is higher in differential drive robots as the velocity differential between the two wheels is
employed to generate turning or angular motion of the mobile robot. In an effort to mitigate
wheel slip, it is beneficial to predict when slip occurs as a function of the applied torque to
the wheels; this will help in accurately controlling of the position of the robot.
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I.1 Mobile Robot Research under Pure Rolling Condition
There is a considerable amount of literature on differential drive robots, especially under the
pure rolling assumption. Kinematics and dynamics of a number of the wheeled mobile robots
have been developed and controllers were designed for achieving various motion control
objectives, for details refer to [1–5]. A stable nonlinear path controller for the differential
drive robot is developed in [1]. In [2,6] the nonlinear dynamics of the differential drive robot
are linearized using input-output linearization. The internal dynamics of the robot system are
derived by taking the output to be a look ahead point which is any point on the longitudinal
axis of the robot other than on the wheel axle. It is reported that the system is asymptotically
stable when the robot moves forward, but unstable when it moves backward. A two layer
controller was used for position tracking in [3]; the first layer stabilizes the kinematics using
a nonlinear path controller from [1] and the second layer uses an acceleration control to
stabilize the velocity of the robot. In [5], a platoon of differential drive robots are used to
track a reference trajectory for the platoon where potential problems due to wheel slip are
reported to cause tracking errors.
All the above mentioned papers assume the condition of pure rolling while modeling the
dynamics of the robot. Many applications that involve tracking a desired trajectory or
reaching a set point require the mobile robot to be able to accurately define its position and
orientation during motion. Predicting the onset of slip and controlling applied torque on
the wheels to avoid slip based on this prediction will significantly help in accurate position
control of the robot.
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I.2 Mobile Robot Research Assuming Slip
Slip is a common phenomenon in wheeled vehicles. For example, a car slips when driven
over ice or water, making high velocity turns, or accelerating/decelerating rapidly. When
the arc length traversed by the wheel due to its angular motion is greater than its linear
displacement on the surface, then it is clear that slip has occurred, i.e., the wheel rotates but
does not have a corresponding angular motion. A similar effect calls skid is when the wheel
has linear motion but does not have a corresponding angular motion. Slip may occur in the
longitudinal direction or the lateral direction of wheel motion as shown in Figure I.2 where
the longitudinal slip is produced as a result of a rapid acceleration on a hill and the lateral slip
occurs when making a high velocity turn on a wet road. When both longitudinal and lateral
slip occur simultaneously, the angle between the lateral and longitudinal motion directions
is called the slip angle. To understand slip one has to study the interaction between the
Figure I.2: Longitudinal [7] and lateral slip [8]
ground and the wheels. Some definitions such as longitudinal slip, lateral slip and slip angle
are introduced to describe slip.
The area in which interaction between rigid wheels on soft surfaces or soft wheels on hard
surfaces is referred to as “terramechanics.” This interaction could be complex based on the
level of detail that is considered and there are several theories and approximations, to rep-
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resent and describe this phenomenon. Models based on these theories, its approximations
and traction experiments are described in [9] and its references. However, in all the studies
the properties of the tire and ground play an important role in the determination of the
coefficient of friction and traction forces. Although these models provide considerable un-
derstanding of the characteristics of the wheels and the ground, they require a number of
parameters that characterize the wheels and ground to obtain the evolution of slip during
motion.
A number of advances has been made towards predicting and controlling the behavior of
the robot when it slips. In [10] equations of a mobile robot with slip are given along with
a formulation of the adhesion coefficient for an omnidirectional wheel. It is stated that slip
can significantly affect the position of the robot. A model for a flexible wheel that describes
ground-wheel interaction is used in [11]; it is reported that this model can predict the position
errors due to wheel slip for flexible wheels. Results from terramechanics have been used in
robotics to study wheel slip in relevant cases [12–15]. The interaction between a rigid wheel
and loose soil is considered in [12] and the relationship between the lateral traction force on
the wheel and the slip angle is experimentally verified. The ability of a wheeled robot to
climb on a rough terrain is improved by limiting wheel slip [13]; this work considered only
longitudinal motion. A robot with four wheels on sand is considered in [16], where the intent
was to track any path with different curvatures. Through the use of model simulations it is
reported that limiting the torque applied to the wheels can minimize slip and achieve better
tracking results. In [14] an image processing technique is used to compare the environment
of the robot with known terrains, so a similar value of slip is assigned to the actual terrain.
This technique is used to avoid slip in unknown environments. In [17] the dynamics of the
robot under slip are introduced and for designing the controller only lateral slip is considered;
the controller that is developed is based on a “look ahead point” with the desired trajectory
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for this point being straight and curvilinear. In [18], Newton’s equations are used to develop
the mobile robot dynamic model, and both lateral and longitudinal slip are considered; a
discontinuous feedback control law is used for robot motion stabilization. All the above
mentioned work is based on terramechanics and the analysis is primarily directed towards
interaction between soft wheels and rigid ground.
Some literature in the last decade focused on rigid wheel and rigid ground interaction and the
wheel slip associated with it. In [19], a relationship between the traction forces and applied
wheel torques is obtained. A controller with two levels is considered, where the first level
deals with robot and wheel motor dynamics and the second level deals with the changes in the
environment in which the robot operates in order to track a desired trajectory; it is indicated
that the measurement of the global location of the robot is necessary to effectively control the
robot and to determine if the robot slips. In [20], a traction force model with static friction
between wheel and ground is considered; the effect of the caster wheel on the traction forces
is ignored. Depending on the magnitude of the traction forces, the evolution of robot motion
is obtained by switching the models that consider slip and pure rolling conditions. None of
the literature reviewed on rigid wheel rigid ground interaction has experimentally verified
the proposed models.
In this work, rigid wheel, rigid ground interactions are considered. Traction forces are
modeled considering both static and kinetic coefficients of friction. The effect of caster
wheel on calculating the normal forces is included in the dynamic model. The presence of
the castor wheels affects the slip behavior of the mobile robot.
I.3 Contributions
The contributions of this work are summarized below:
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• A dynamic model for a differential drive robot is developed by considering rigid wheel,
rigid ground interaction, static and kinetic friction, and the effect of the caster wheel.
The model is used to predict the maximum torque that can be applied to the wheel
before it starts to slip. Model simulations were conducted to study the motion behavior
of the robot under pure rolling and slip conditions.
• A control strategy that can be employed to avoid wheel slip by limiting the applied
wheel torque is proposed. The maximum permissible torque for a given surface, which
is the value of the torque at which the wheel slips, is used to limit the applied wheel
torque.
• Experiments were conducted using a differential drive robot to corroborate the models
and the approach. The proposed controller is evaluated by conducting several mobile
robot motion experiments.
The rest of this report is organized as follows. The dynamics of the differential drive robot
under pure rolling and slip conditions are described in Chapter II. The traction forces that
are used in studying slip, a controller to avoid slip, and model simulations are also given
in this chapter. The mobile robot and associated hardware used in experiments are given
in Chapter III. The results of the experiments on establishing the coefficients of friction,
validating the traction force model, and the slip avoidance controller are presented in this
chapter. Conclusions of this work and possible future work are presented in Chapter IV.
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CHAPTER II
DYNAMICS OF A DIFFERENTIAL DRIVE WHEELED MOBILE ROBOT
CONSIDERING SLIP AND TRACTION FORCES
There is an extensive amount of literature related to the development of dynamic models for
wheeled mobile robots [1, 17, 18, 20–22]. Although the resulting models are different based
on the construction of the robot, such as number and location of wheels, types of actuators,
etc., the underlying principles that are employed to obtain the models are the same; either
Euler-Lagrange equations or Newton’s equations are typically used to obtain the dynamic
equations that describe the motion of the robot.
The wheeled mobile robot is treated as a rigid body that translates and rotates in a plane.
Therefore its coordinates of motion are given by position (x, y) in the plane and its orientation
(φ). The differential drive wheeled mobile robot considered in this work consists of two wheels
that are actuated with two independent motors and a free caster wheel that balances the
robot platform during motion. The motors provide necessary input torques (τr, τl) which
can be used to command the required motion for the robot. Since the angular speed of
the wheels are regulated at the same value to obtain a straight line motion to the robot,
orientation of the robot is obtained by a difference in the angular speeds of the two driven
wheels.
In this chapter, we first describe the kinematics and dynamics of the differential drive robot
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under pure rolling conditions and without lateral wheel slip. Then the pure rolling and
lateral motion constraints are relaxed to obtain a complete model that includes both lateral
and longitudinal slip. A wheel-ground friction model that can be used to obtain reaction
forces between the wheels (both driven and castor) and the ground is developed. These
reaction forces are used to estimate the slip between the wheels and the ground. A strategy
to control the robot to follow a desired trajectory is given to avoid slip during motion of the
robot.
II.1 Differential Drive Odometry
The first step is to understand a differential drive mobile robot odometry and to review some
helpful concepts [23]. The nomenclature that is used in this chapter is given in Table II.1.












Angular position of the robot φ rad
Angular speed of the wheels θ̇ rad/s2
Angular velocity of the robot ω rad/s
Coefficient of kinematic friction µk
Coefficient of static friction µs
Distance between wheels 2b m
Distance from center of mass to caster wheel e m
Distance from wheel’s axis to center of mass d m
Gravity acceleration g m/s
Height from floor to center of mass h m
Lateral forces Flat N
Lateral velocity of the robot η̇ m/s
Linear velocity V m/s
Longitudinal forces Flong N
Longitudinal velocity of the wheel ρ̇ m/s
Main axis OXY Z
Mass of robot platform mr kg
Normal forces N N
Robot axis oxyz
Robot moment of inertia about the vertical axis Irz kg m
2
Torques τ m-N
Total inertia It kg m
2
Total mass mt kg
Wheel mass mw kg
Wheel moment of inertia about the vertical axis Iwz kg m
2
Wheel moment of inertia about the wheel axis Iwy kg m
2
Wheel radius r m
Subscripts
r: pertaining to the right wheel
l: pertaining to the left wheel
L: pertaining to the linear motion
A: pertaining to the angular motion
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The relative velocity between two different points in the rigid body is given by
VB = VA + ω × rB/A (II.1)
where VA is the velocity of point A, VB is the velocity of point B, ω is the angular velocity
of the body, and rB/A is the position vector directed from A to B. From this equation, we
can observe that when the body does not have any angular velocity, all the points in the
body will have the same linear velocity. Taking the time derivative of Equation (II.1) the
following relationship for acceleration is obtained
aB = aA + α× rB/A − (ω)
2 × rB/A (II.2)
where a is the acceleration of the respective point and α is the angular acceleration of the
body. Our rigid body is the differential drive robot shown in II.2, where the position of














Figure II.2: Robot configuration
The above equations can be used to know the velocity and acceleration of any point in the
robot when it moves in the plane and these equations will be used later in the chapter in
11
the derivation of the dynamics of the mobile robot.
II.2 Differential Drive Robot under Pure Rolling
II.2.1 Mobile Robot Kinematics
To derive the kinematics of the robot, consider a simple illustration of mobile robot as shown
in Figure II.3. The position and orientation of the robot at any instant of time are described
by the vector q = [x, y, φ]T , where (x, y) denote the position of point o (the center of the axis
of the driven wheels) and φ is the orientation of the robot in the global coordinate frame.








Figure II.3: Two Wheeled Differential Drive Robot [5]
are three variables to control (x, y, φ) and only two control inputs (wheel torques), therefore,
the system is under-actuated. The relationship between the linear velocity v and the angular
12









































The above equation represents the kinematics of the robot. It is noted that the geometric
center of the robot need not be the center of mass of the robot. The center of wheel rotation
axis (point o) is taken as the reference point of rotation. Hence, the velocity at this point
o is taken as the velocity of the robot. The rotation angle is not restricted to the robot’s
reference frame, because as a rigid body all points undergo the same change in orientation.
When θ̇r is greater that θ̇l, then the robot turns to the left of its current position and the
orientation angle increases and if θ̇l is greater than θ̇r the robot turns right. The linear and









where r is the radius of the wheel and 2b is the length of the wheel base, that is, the distance
between the wheels measured along the rotation axis of the wheels. Although it is not used
in designing a kinematic controller, it is worthy to note an important constraint on the
robot’s motion. This constraint is non-holonomic and restricts lateral slip of the wheels,
thus restricting any lateral motion. It is given by the following equation:
ẋ sinφ = ẏ cosφ (II.6)
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Solving the above equations and considering the non-holonomic constraints, it is possible to
obtain the following equations:
θ̇rr = ẋ cos φ+ ẏ sin φ, (II.7)
θ̇lr = ẋ cosφ+ ẏ sinφ (II.8)
These are common relationships, and it is possible to express them as a function of the center
of the mass (c) of the robot using Equations (II.1) and (II.2) to relate these points. For this
reason we will refer with subscript “o” when using the center of the wheels axis and with
subscript “c” when we refer to the center of the mass.
II.2.2 Mobile Robot Dynamics
To obtain the dynamic equations of the mobile robot, we use the Lagrangian formulation.
Since the mobile robot is on the ground which is taken as the datum, the Lagrange function



















= JT (qo)λ+B(qo)τ (II.10)
where qo is the generalized coordinate vector, i.e, qo = [xo, yo, φ]
T , J(qo) is the non-holonomic
constraint matrix, λ is the Lagrange multiplier vector of constraint forces, B(qo) is the input
transformation matrix obtained from the kinematics of the robot, and τ is the input torque
14
vector. Substituting the Lagrangian and using Equations (II.3), (II.9) in Equation (II.10),










































































where mt is the mass and It is the inertia of the robot about its rotational axis. There are
several methods to eliminate the Lagrangian multiplier λ. One can use the robot kinematics
to get the accelerations and substitute the accelerations in the above equation. Another
method is to use Boltzmann - Hamel equations [4]. The kinematics based method is employed
in this work since the equations are relatively simple. The total applied torque is the sum




(τl + τr), τA =
2b
r
(τl − τr) (II.12)
where τl and τr are the torques provided by left and right motor, respectively. Using the








(τL sin φ− λ cosφ)
φ̈i =τA/It (II.13)
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Differentiating the robot kinematics from Equation (II.3), substituting the vector [ẍo, ÿo, φ̈]
T



















Equation (II.14) is the dynamic equation of the robot referred to the center of rotation.
These dynamics are used in designing a torque based motor controller for commanding the
motion of the robot. Using the transformations given by Equation (II.2) and the dynamics
of the wheels we obtain the following equations by considering the position of the center of
mass:
















mt 0 dmt sin φ 0 0
0 mt −dmt cosφ 0 0
dmt sinφ −dmt sinφ It 0 0
0 0 0 Iwy 0


















































































































and τ = [τl, τr]
T .
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II.3 Differential Drive Robot Under Slip
II.3.1 Mobile Robot Kinematics with Slip
In the previous section kinematics and dynamics under pure rolling and without lateral slip
are derived. However, in practice, there is slip in both lateral and longitudinal directions.
Lateral slip is present when the direction of the movement is different from wheel’s plane of






Figure II.4: Lateral slip due to difference in robot motion direction and plane of rotation of
the wheel
Longitudinal slip occurs when the input torque is not completely transmitted to the ground.
As a consequence, the linear speed of the wheel (ρ̇) is not equal to the peripheral speed of
the wheel, i.e., ρ̇ < θ̇r. A portion of the applied torque is transmitted to the ground resulting
in wheel forward motion, the rest is consumed by pure wheel rotation causing wheel slip.
Longitudinal slip is also possible when the wheel stops rotating but the linear velocity is not
zero, this scenario is often referred to in the literature as skid. The focus of this work is on
slip phenomenon, but a similar analysis may be applied when the robot skids.
17
Lateral slip is a phenomenon that has minimal affect on achieving a motion objective for
the robot at low speeds. It can be observed mainly when the robot is in motion along a
curved path at high speeds, i.e., when continuous and rapid orientation changes are required.
Longitudinal slip is more prevalent as it is a direct consequence of the application of wheel
torques beyond what can be supported by the traction between the wheels and the ground.
It is directly influenced by the value of coefficient of friction along the motion path. In the
following we provide equations of motion under slip.
In the presence of slip, the non-holonomic constraints are given by
ρ̇r = ẋc cos φ+ ẏc sin φ+ bφ̇
ρ̇l = ẋc cosφ+ ẏc sinφ− bφ̇
η̇ = ẋc sinφ− ẏc cosφ− dφ̇ (II.18)
where η̇ represents the lateral velocity due to slip and ρ̇r, ρ̇l are the linear velocities of right
and left wheels, respectively. Using the above equations, the kinematics of the differential
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Using the given definitions, it is sometimes beneficial to define the total linear displacement
of the wheel as:
ρ = θr − δ (II.21)
where θr is the arc length traversed and δ represents the loss of displacement due to slip.
II.3.2 Mobile Robot Dynamics with Slip
Under wheel slip, because the applied torque is not fully transmitted to the ground, to
derive dynamic equations, one must consider the required forces involved at the contact
point between the wheel and the ground surface. One must also develop the relationship
between the various forces at contact to determine a solution to the dynamic equations of
the robot. As in the previous section, we use the Euler-Langrange equations to derive the
robot dynamics. In this case of slip we have additional variables and underlying constraints
between the variables. The additional variables are the linear longitudinal velocity of the
two wheels (ρ̇r, ρ̇l), the linear lateral velocity (η̇), and the angular velocities of the wheel
































Since we have additional variables to be considered under slip conditions, the generalized
coordinate vector is q = [xc, yc, φ, η, ρr, ρl, θr, θl]
T . Figures II.5 and II.6 show the front and
lateral views, respectively, of the robot and the various forces involved. We assume the














Figure II.6: Lateral view of the robot showing various forces
Therefore, the center mass lies on the longitudinal axis, and we assume it is at a distance
“d” from the wheel axis and “e” from the center of the caster wheel.
Note that we assume that the point at which the caster wheel makes contact with the ground
surface when projected onto the robot platfom plane falls on the longitudinal axis. Substi-
tuting the slip variables (ρ̇r, ρ̇l, η̇) into the Lagrangian and evaluating the Euler-Lagrangian
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equations for the variables (xc, yc, φ, θr, θl) we obtain
mtẍc + 2mwd(φ̈ sinφ+ φ̇
2 cosφ) = (Flongr + Flongl) cosφ− (Flatr + Flatl) sinφ
mtÿc − 2mwd(φ̈ cosφ+ φ̇
2 sin φ) = (Flongr + Flongl) sinφ+ (Flatr + Flatl) cosφ
Itφ̈+ 2mwd(ẍc sin φ+ ẏc cosφ) = (Flongr − Flongl)b− (Flatr + Flatl)d
Iwyθ̈r = τr − rFlongr
Iwyθ̈l = τl − rFlongl (II.23)
The lateral and longitudinal slip dynamics are obtained by differentiating Equations (II.18)
with respect to time, the equations are given by
ρ̈r = ẍc cosφ+ ÿc sinφ− φ̇(ẋc sin φ− ẏc cosφ) + bφ̈
ρ̈l = ẍc cosφ+ ÿc sin φ− φ̇(ẋc sinφ− ẏc cosφ)− bφ̈
η̈ = −ẍc sinφ+ ÿc sinφ− φ̇(ẋc cosφ+ ẏc sin φ)− dφ̈ (II.24)
Equations (II.23) and (II.24) may be compactly written in matrix form as:



























mt 0 2dmw sin φ 0 0 0 0 0
0 mt −2dmw cosφ 0 0 0 0 0
2dmw sin φ −2dmw sinφ It 0 0 0 0 0
− sin φ cosφ −d −1 0 0 0 0
cosφ sin φ b 0 −1 0 0 0
cosφ sin φ −b 0 0 −1 0 0
0 0 0 0 0 0 Iwy 0





















































−φ̇(ẋc cosφ+ ẏc sinφ)
−φ̇(ẋc sinφ− ẏc cosφ)


















































(Flongr + Flongl) cosφ− (Flatr + Flatl) sinφ
(Flongr + Flongl) sinφ+ (Flatr + Flatl) cosφ





























B(q) = [O6×2, I2×2]
T
T = [τr, τl]
T (II.26)
where O6×2 denotes the 6 × 2 null matrix and I2×2 is the 2 × 2 identity matrix. In addi-
tion to the above equations, one can find relationships between various forces, as shown in
Figures II.5 and II.6, by using the force and moment balance at the center of mass. These
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relationships are given by
Nr +Nl +Nc = mtg (II.27)
(Flatr + Flatl)h+Nlb = Nrb (II.28)
Nc(d+ e) = mtgd (II.29)
In the following section, we will consider a simple coulomb friction model to relate normal
forces with lateral and longitudinal forces at the wheels.
II.4 Traction Forces on Wheels
One must consider the interaction of the wheels with the ground to develop a model for this
interaction, which will lead to obtain the solution to the motion equations of the robot. A
considerable amount of research in literature has been dedicated to automobile wheels with
air filled tires [9], but these models assume either a rigid wheel on a soft ground or a soft
wheel on a rigid ground. Further, the models are complex and require several properties of
the tires and the ground in order to estimate the interaction between the tire and the ground.
These properties are determined through extensive empirical experiments. However, most of
the applications in robotics involve rigid wheels on a rigid ground. Therefore, the approach
of using a friction model is simple and reasonable for this type of contact between rigid
surfaces. In the following, we will describe the traction force model.
Consider a wheel that is rotating without slip as shown in Figure II.7. The equations of
motion of the wheel are given by
mwaw = Flong (II.30)







Figure II.7: Wheel rotating without slip
where aw is the linear acceleration of the wheel.
Under pure rolling conditions the angular acceleration is related to linear acceleration as,
aw = rθ̈ (II.32)






Such a simple relation between longitudinal force and applied torque cannot be established
when there is slip. In the presence of slip, we consider the Coulomb friction model to establish
the relationship between the normal force and the force exerted by the applied torque, due
to irregularities of the bodies in contact as shown in Figure II.8 [21].
A static friction coefficient is utilized to determine the value of the maximum force that has
to be applied to the wheel before the wheel starts to slip. The necessary force to have a
relative movement of the bodies is the largest, because the asperities between the bodies in
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Figure II.8: Asperities of two surfaces before (top) and after (bottom) load is applied
contact act as anchors, and it is necessary to break those anchors in order to slip the bodies
relative to each other. Considering µs to be the coefficient of static friction and N as the
normal force on the wheel, we have
Flong = µsN (II.34)
If the resultant force due to the applied torque is less than the static frictional force, it is
completely transmitted to the ground resulting in pure rotation of the wheel. If the resultant
force exceeds the static frictional force, a portion of this force that is above the static frictional
force causes the wheel to slip (i.e., to rotate without any linear displacement), the remaining
force is utilized for the forward motion of the wheel. Hence, slip occurs if the value of Flong
given by Equation (II.33) is greater than that of Equation (II.34). The force that results in
the linear motion is determined by the kinetic friction coefficient and is given by
Flong = µkN (II.35)
25
Lateral slip of the wheel may occur in conjunction with longitudinal slip. In order to deter-
mine the actual relation between the amount of slip and the force applied, we decompose
the total force due to the applied torque into lateral and longitudinal force components as



































where the subscript r and l are used to refer to the right and left wheel, respectively.
II.5 Robot Control
In this section a trajectory tracking controller for the differential drive robot under wheel slip
is investigated. A two loop structure as shown in Figure II.10 is used when a path following
controller proposed in [1] is used for path correction which forms the outer loop and the
inner loop controller converts the path correction into motor torques for the differential
wheels. The kinematic controller uses the robot’s desired position and the actual position to
compute the necessary velocity corrections. These velocity corrections are used to computed
the required wheel torques for the differential drive. If the torques create a linear force
greater than the force given by Equation (II.34), then a slip avoidance controller is used to












Figure II.10: Control block diagram
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II.5.1 Robot Control under Pure Rolling
Consider a robot that is traveling on a reference trajectory as shown in Figure II.11. Let qr
be the reference position of the robot and q be the actual position where qr = [xr, yr, φr]
T , q =





















































































ωdey − vd + vr cos eφ









The control objective is to select vd and ωd such that the error equilibrium solutions, ex =
0, ey = 0, eφ = 0, are stable. Lyapunov’s second method to select vd and ωd. Consider the









(1− cos eφ) (II.42)
It is easy to see that the above Lyapunov function candidate is strictly positive for all non-
zero errors. Taking the time derivative of V along the solution trajectories of Equation
(II.41), we obtain
V̇ = (vr cos(eφ)− vd)ex +
1
ky
(sin(eφ))(kyvrey + ωr − ωd) (II.43)
If the desired linear and angular velocities are
vd =vr cos eφ + kxex
ωd =ωr + vrkyey + kφ sin eφ (II.44)
where kx, ky and kφ are positive gains, then V̇ is negative semi-definite,





This implies convergence of ex and eφ to zero. Using LaSalle’s principle, one can show
convergence of ey to zero; see [1] for details.
The desired velocities from Equation (II.44) are the input to the velocity controller that will
generate the necessary wheel torques. Define velocity errors ev = vd − v and eω = ωd − ω. If
v and ω are the actual linear and angular velocities of the robot, the velocity error dynamics
are given by








If we select the torques τL and τA as
τL = mtv̇d + kl(vd − v),
τA = Itω̇d + ka(ωd − ω) (II.47)
then the velocity error equations are given by
mtėv + klev = 0,
Itėω + kaeω = 0 (II.48)
The choice of gains kl and ka to be positive will imply that ev = 0 and eω = 0 are exponen-


















As discussed before these torques are computed considering pure rolling conditions. In the
next section we use these torques to verify the onset of slip and limit the torques to avoid
slip.
II.5.2 Robot Control to Avoid Slip
When the total applied torque is not transmitted to the ground, then there is slip. Based on
the traction force model, if we limit the applied torque such that the reaction force is less
than the maximum allowable friction force, we can avoid slip. The strategy is used to limit
the applied torque during motion control. Recall that the relation between the longitudinal
force and the torque on a wheel is obtained from Equation (II.33). The longitudinal force












Note that the above equations is different from Equation (II.33) as we use the portion of
the robot mass that is acting on the wheel. As it was pointed before, this force must be
less than the force given by the static coefficient of friction. Then, in order to avoid slip, we
limit the flong in Equation (II.50) to µsN . Then, the maximum torque that can be applied






The normal force N in the above equation is either Nr or Nl depending on the application
of this to either the right or the left wheel. This value of torque is compared to the one
generated by the controller by Equation (II.49). If the torques τl or τr are less than their
31
corresponding maximum values, then the torques are applied directly. If the applied torque
is greater, the values of the applied torques are limited to the maximum allowable.
















Figure II.12: Control block diagram
the reference position and the actual position given by the encoders generates the desired
velocities in the kinematic controller using the nonlinear path controller developed before,
Equation (II.41). These desired velocities are compared to the actual velocities of the robot
in the velocity controller. Using Equation (II.49) the desired wheel applied torques are
produced. However, these torques are compared to the maximum torque that can be applied
prior to the occurrence of slip, Equation (II.51). If the applied torque is greater than the
maximum torque, then they are limited to this value. This is compared and limited in the
torque controller block, before the torques are transmitted to the actuators.
The necessary equations that will be used in the simulations have been developed. We begin
with a model of the robot, followed by the kinematics and dynamics under pure rolling
conditions slip conditions. Then, a traction force model was developed in order to overcome
the lack of information and the difficulty of experimentation to determine the exact properties
of the interaction between the wheels and the ground. Once, this dynamics behavior is
established, the controller to avoid slip is develop. Model simulations are described in the
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Irz 0.009753 kg m
2
Iwz 0.000584 kg m
2






Numerical simulations are conducted using MATLAB/Simulink software to learn the behav-
ior of the proposed robot dynamics with slip for a range of input torques. The values of the
parameters used in these simulations are shown in Table II.2. Using the numerical values
given in Table II.2, the value of the maximum allowable torque that can be applied to the
system to avoid slip is 0.095 m-N. The first set of simulations is conducted to compare the
robot model under slip with the robot model under pure rolling conditions [3]. The second
set of simulations is carried out to observe the response of the proposed model with a practi-
cal torque profile where a constant torque is applied for a small duration of time. The third
set is to observe the response of the system when torque limiting control is implemented.
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II.6.1 Comparison of the Slip and Pure Rolling Models
To evaluate the response of the dynamic models with and without slip, three different values
of constant torques are applied to the two models. The magnitude of the first set of applied
torques (0.09 m-N) is less than the magnitude of the maximum allowable torque to produce
slip. The position response of both models is shown in Figure II.13. From the figure it
is evident that the response of both models is the same. This shows that the slip model
has a proper response under pure rolling conditions, that is, the response of the model that
includes slip is identical to the model with pure rolling assumption when the maximum
allowable torque is below the threshold value that produces slip. The magnitude of the
second set of torques (0.1 m-N) is greater than the maximum allowable torque. From the
response shown in Figure II.14, it is evident that the proposed model is capable of capturing
slip. As expected the distance that the robot travels under slip conditions is less than the
distance traveled under pure rolling condition. Simulations with torque value of 0.3 m-N are
shown in Figure II.15; note that this torque level is three times bigger than the minimum
value of torque to produce slip. It is evident that if the robot slips significantly, the actual
distance traveled by the robot is significantly less than the distance traveled under pure
rolling conditions. Notice that once the robot slips the distance that the robot travels is
similar even if the torque magnitudes are different. This is because the portion of the energy
needed to move the robot is same for any torque magnitude above the maximum.
II.6.2 Simulations with a Velocity Profile
In the previous section a step input was given to the system, such an input cannot be
continuously applied in practice. A more realistic input based on a velocity profile for a
straight line trajectory is used. The robot is accelerated for 0.5 seconds, after which the
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velocity is maintained at a constant value. This velocity profile is used as a reference to
the closed-loop system and the proposed model is simulated to observe its response. Three
sets of velocity profiles are used to mimic the conditions where the torque required is below
the maximum allowable torque limit (0.09 m-N), above this limit (0.1 m-N), and at the
maximum rated torque of the motors (0.13 m-N).
For all the cases the wheel angular velocity and the linear velocity of the robot are shown in
Figures II.16 through II.21. These responses will be compared with the experimental results
shown in the next chapter. Notice that the distance traveled before slip occurs at 44 rad/s2 is
greater than the distance traveled at 48 rad/s2; from Figures II.17 and II.19 one can observe
that the distance traveled is more in the case of 44 rad/s2. However, when the torque is
increased further (72 rad/s2), there is no appreciable change in the distance traveled by the
robot (compare Figures II.17 and II.21)
II.6.3 Closed-Loop Simulations with Torque Limiting Control
The control strategy developed in Section II.5 is used to avoid slip by keeping the applied
torque smaller than the maximum torque to produce slip for any acceleration profile. The
closed loop system with the torque controller is simulated for a reference acceleration of 72
rad/s2 for 0.5 s. This acceleration was chosen based on the fact that it is greater than the
maximum acceleration required for the wheel to slip. For the sake of comparison, simulations
are carried out with and without the torque limiting controller. The simulations without the
torque controller are shown in Figure II.22 for the chosen acceleration. The simulation with
the proposed torque limiting control is shown in Figure II.24 and the error in the trajectory
with the torque control is shown in Figure II.25. The position trajectory error is shown in
Figure II.23 where we can see the maximum value of error is 0.3 m. Notice that the error
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with the torque limiting control is 0.16 m, which is almost half of the error without the
torque limiting control.
In this chapter models for the dynamics under pure rolling conditions and slip conditions
have been developed. A force traction model was developed by considering the linear and
lateral velocities of the wheels, static and kinetic friction, the caster wheel. From the model
the maximum allowed torque to avoid slip was determined and a torque limiting control
strategy to avoid slip was presented. Model simulations and closep-loop system simulations
were conducted to evaluate the response under different scenarios.
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Figure II.13: Straight line trajectory: Torque value = 0.09 m-N























Figure II.14: Straight line trajectory: Torque value = 0.1 m-N
37


























Figure II.15: Straight line trajectory: Torque value = 0.3 m-N























Figure II.16: Wheel angular velocity for torque = 0.09 m-N and acceleration = 44 rad/s2
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Figure II.17: Position of the robot for torque = 0.09 m-N, acceleration = 44 rad/s2























Figure II.18: Wheel angular velocity for torque = 0.1 m-N and acceleration = 48 rad/s2
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Figure II.19: Position of the robot for torque = 0.1 m-N, acceleration = 48 rad/s2


























Figure II.20: Wheel angular velocity for torque = 0.13 m-N and acceleration = 72 rad/s2
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Figure II.21: Position of the robot for torque = 0.13 m-N, acceleration = 72 rad/s2




















Figure II.22: Torque profile without torque limiting control
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Figure II.23: Position trajectory error without torque limiting control (reference= 72 rad/s2)


















Figure II.24: Torque profile with torque limiting control(reference = 72 rad/s2)
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Figure II.25: Position trajectory error with torque limiting control (72 rad/s2)
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CHAPTER III
EXPERIMENTS WITH A DIFFERENTIAL DRIVE ROBOT
Experiments were conducted to verify the characteristics of the dynamic model with slip and
the torque limiting control strategy used to avoid slip. Details of the differential drive mobile
robot setup used to conduct the experiments are given first followed by the a discussion of
the results from the experiments.
III.1 Differential Drive Robot Setup
The differential drive robot has three main components: base or platform with actuators,
real-time controller and wireless modules, and encoders to measure wheel angular position.
Each component is explained in detail in the following section.
III.1.1 Robot Base and Actuators
The two driven wheels are placed at the back of the base plate to avoid wheel lift off on
uneven surfaces. The caster wheel is placed in the front to maintain balance of the robot.
In order to keep the center of gravity of the entire robot close to the center of the plate,
the battery (the heaviest component) is placed between the wheels on the center line of the
base.
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The base of the robot is an aluminum plate with length 0.22 m (9 in), width 0.18 m (7 in),
and thickness 0.03 m (0.1 in). The two motors that power the wheels are mounted over the
base plate, in order to avoid deformation of the plate, and to keep the center of gravity close
to the ground. The wheels are directly mounted on the motor shafts. A steel ball caster
wheel is used. The battery is mounted between the motors along the longitudinal axis of the
platform in such a manner that it is easy to charge it without removing it from the robot.
Identical DC motors are used to power the two wheels. The DC motor has the following
specifications: no-load rated speed of 350 RPM (36 rad/s), stall torque of 0.77 N-m, 12 V
supply with 2 A maximum current. An encoder with 1856 pulses per revolution is mounted














Figure III.1: Robot top view
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III.1.2 Real-time Controllers and Wireless Modules
The control algorithm is implemented on the Arduino Mega 2560 real-time board which has
the following features: 256 KB of flash memory, 8 KB of SRAM and 4 KB of EEPROM,
16 MHz clock speed, 8-bit PWM output, 6 external interrupt pins and I2C communication
interfaces [24]. The board can be connected to a PC via USB and contains two internal
voltage regulators of 5 V and 3.3 V. The board can operate from an external supply between
6-20 V and has a USB over-current protection. It can be programmed using Arduino Software
Development Kit [25]. Figure III.2 shows an Arduino Mega 2560 board. The Arduino
Figure III.2: Arduino Mega 2560
board takes the direction and velocity wave pulse modulation(WPM) signals and with the
help of an Arduous Motor shield generates the voltages required to run the motors. An
Arduino Motor shield is shown in Figure III.3. A 2.4 GHz Xbee 802.15.4 module from Digi
is used for wireless communication, [26]. The Xbee module operates at 3.3 V @ 50 mA. It
transmits data at a maximum rate of 250 kbps. It has a range of 300 ft and has a 128-bit
encryption. Together these modules can process the control algorithm, compute the reference
positions and velocities, control the motors, obtain data from the encoders using external
interrupts, and communicate wirelessly with a host PC to transfer data for analysis. A
real-time algorithm is programmed on the board to achieve all these tasks. The inner torque
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Figure III.3: Motor Shield
loop runs every 25 milliseconds and the outer kinematic loop runs every 50 milliseconds.
Measured and computed data, such as encoder signals, robot position and velocity, torque
input, etc., are sent via wireless communication to the host PC every 20 milliseconds.
III.1.3 Robot Position Sensing
The encoders on the motor shafts act as the primary position sensors. Each encoder is
powered by a 5 V supply and has two data channels A and B. The voltage in the channels
is either 5 V or 0 V and it pulsates as the motor shaft rotates. Channels A and B of the
encoders are connected to different pins (left: 20, 21; right: 18, 19), which can function as
external interrupt pins. The state in the pins changes when the voltage in the channel
changes. An interrupt sub-routine is executed every time the pins change their states.
This sub-routine counts the number of pulses in both the channels and the direction of
the rotation, comparing the sequence in which the pins change their respective states. The
encoders provide a measurement of the angular position as the wheel rotates. To compute
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the angular velocity of the wheel, we count the number of encoder pulses in time δt. Let N
be the number of pulses in time δt. Since the encoder resolution is 1856 pulses per revolution,





The angle for a given time is calculated using the time interval δt and the linear velocities
of the wheels using the following relationship
φ(t) = φ(t− δt) + (vr − vl)δt/2b (III.2)
Then, the displacement of the robot in the time interval δt is calculated and added to the
previous position, which gives the position of the robot at time t as
x(t) = x(t− δt) +
b(vr + vl)(sin(φ(t))− sin(φ(t− δt)))
(vr − vl)
(III.3)
y(t) = y(t− δt) +
b(vr + vl)(cos(φ(t))− cos(φ(t− δt)))
(vr − vl)
(III.4)
The linear position calculated from the encoders will provide position errors due to the wheel
slip. For this reason the position determined by the encoders is only true under pure rolling
conditions.
In experiments, due to slip, the robot position computed using the encoder signals is not the
actual position. One must device another mechanism to measure the actual robot position
when there is wheel slip. A video camera is used to capture the video of each experiment and




Three different experiments are carried out with the differential drive robot: (i) estimation
of static and kinetic friction coefficients, (ii) experiments at different levels of wheel accel-
erations to investigate the validity of the traction force model, and (iii) application of the
torque limiting control algorithm to verify whether slippage is avoided. For all the mobile
robot controlled motion experiments, the actual global position of the robot was obtained
using the video.
III.2.1 Estimation of Friction Coefficients
Although more accurate methods are available to compute the friction coefficients, a simple
method is employed that requires the use of a simple spring-type weighing scale. The mobile
robot and the weighing scale are shown in Figure III.4. A gradually increasing force is
applied and the value of the force at which the wheel starts to move is recorded as the static
friction force and this is used to calculate the coefficient of static friction. Once the wheels
starts moving the force required to keep it moving is recorded to calculate the coefficient of
kinetic friction. This procedure was repeated 20 times and the values of the coefficients were
calculated for each trial. The value of static coefficient and kinetic coefficient for these trials
are shown in Figure III.5 and III.6, respectively. Data from several trials are discarded and
the average is computed. The average value of static friction coefficient is 0.241 and that of
the kinetic friction coefficient is 0.239.
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Figure III.4: Setup to determine the coefficient of friction
III.2.2 Traction Force Model Validation
Several experiments were conducted with different accelerations to determine when the slip-
page occurs. The same acceleration profiles used in model simulations in the previous chapter
were also used in the experiments. The following procedure was employed to run each of the
motion experiments: (1) The robot was positioned at the same location on the ground at
the start of each experiment. (2) The camera placed on the ceiling was activated remotely
at the start of each motion experiments. (3) Data recorded from the encoders is transmitted
to the host computer. (4) The robot and the video record are deactivated.
The following three reference acceleration levels were employed: 44, 48, and 72 rad/s2. As
in the case of model simulations, each level of acceleration is applied for 0.5 seconds and
then a constant velocity is maintained by resetting the reference acceleration to zero. For
the reference acceleration case of 44 rad/s2, Figure III.7 shows the evolution of the wheel
angular velocity and Figure III.8 shows the robot position obtained from encoder and video
measurements. note that in this case the robot position measured by the camera and the
encoders are similar. Therefore, at the acceleration level of 44 rad/s2, the wheels are not
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slipping. The corresponding results for the other two cases (48 and 72 rad/s2) are shown if
Figures III.9 through III.12; note that in these two cases the mobile robot is clearly slipping
as the robot position based on encoder measurement lags the one obtained from camera
measurements. For slower speeds, the wheel angular velocity shows oscillations; this may be
due to the response of the motor which was not taken into consideration in the development
of the controller.
III.2.3 Torque Limiting Control Strategy
Experiments were conducted by employing the torque limiting control strategy given in
Section II.5.2. Figure III.13 shows the wheel angular velocity. Figure III.14 shows the robot
position as obtained from encoders and video measurements, which are similar to each other.
Due to limiting of the torque, wheel acceleration is limited to avoid slip.






















Static coefficient of friction µs
Figure III.5: Static coefficient of friction
51























Kinetic coefficient of friction µk
Figure III.6: Kinetic coefficient of friction
























Figure III.7: Measured angular velocity of the wheel at 44 rad/s2
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Figure III.8: Measured Robot position at 44 rad/s2
























Figure III.9: Measured angular velocity of the wheel at 48 rad/s2
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Figure III.10: Measured Robot position at 48 rad/s2

























Figure III.11: Measured angular velocity of the wheel at 72 rad/s2
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Figure III.12: Measured robot position at 72 rad/s2























Figure III.13: Measured angular velocity of the wheel at 72 rad/s2 with torque control
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Figure III.14: Measured Robot position at 72 rad/s2 with torque control
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CHAPTER IV
CONCLUSIONS AND FUTURE WORK
Models that describe the dynamics of a differential drive mobile robot with and without
slip are presented and discussed. A traction force model was developed by considering a
simple Coulomb friction model. From the dynamic analysis it is clear that the caster wheel
plays an important role in determining the traction forces, a factor that was not included
in the previous work on this subject. A wheel-ground interaction with specific focus on the
interaction between rigid wheels and rigid ground is considered to model the traction forces.
The longitudinal and lateral velocities of the wheel are used to compute the longitudinal and
lateral forces on the wheel instead of the slip velocities.
Wheel slip occurs if the reaction force exerted by the applied torque cannot be completely
transmitted to the ground. Therefore, there is a limit to the amount of torque that can be
applied to the wheels and the value of this limit depends on the coefficient of static friction.
This strategy is used to implement a slip avoidance controller which limits the magnitude of
the input torque to a maximum value determined by the proposed traction model.
Simulations of the differential drive dynamics using the proposed traction model reveal the
occurrence of slip if the applied torque is greater than the maximum torque that is calculated.
Additionally, the effect of slip on angular velocity of the wheels is readily observed which
shows that the angular velocity of the wheel is greater than the corresponding linear velocity
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when slip occurs. The proposed torque limiting controller to avoid slip was also simulated
and it was successful in avoiding slip by limiting the value of the input torques.
Experiments were conducted under the same scenarios as in numerical simulations. The
results are comparable which indicates that the robot dynamics model with slip and the
traction model describe the dynamics of the differential drive robot. The performance of the
torque limiting controller is also verified by experiments.
The following are possible future work topics: (1) The motor dynamics was not included
in the simulation models. This may be included in the future to improve the correlation
between model simulations and experimental results. (2) In this work the video data was
not available for real-time control. If the actual position and velocity of the robot are
available in real-time, then feedback controller may be designed to account for slip. (3)
Stability characteristics of the torque limiting controller may be further investigated in the
future. (4) In this work only straight line trajectories were considered because of actuator
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